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ABSTRACT

The hypothesis is tested that, for the planetary boundary layer, turbulent vertical velocity (w) spectral density,
normalized by /k ( is Reynolds stress magnitude and k is wavenumber: 2p times frequency divided by2 2u u

* *mean flow speed), is a ‘‘universal’’ function of nondimensional wavenumber k/kmax, where kmax is the wavenumber
at the peak in the area-preserving log–log w spectrum. Data from clusters of turbulence-measuring instruments
deployed through the ocean boundary layer beneath pack ice during the yearlong Surface Heat Budget of the
Arctic (SHEBA) project were analyzed by averaging spectra in 3-h bins, then nondimensionalizing weighted w
spectral density by directly measured Reynolds stress magnitude and wavenumber by kmax. In the outer boundary
layer, normalized spectra were remarkably uniform, suggesting that (i) the fundamental turbulence scale is
inversely proportional to kmax and (ii) the w wavenumber spectrum by itself may be used to estimate local stress
magnitude and eddy viscosity. The arguments are extended to a scalar variable (temperature) using a combination
of the w and scalar spectra, in a way somewhat analogous to the inertial dissipation method used for the
atmospheric surface layer. Spectral estimates of turbulent heat flux agreed reasonably well with direct covariance
estimates. The structure of the vertical velocity spectrum in the outer boundary layer implies that, in a neutrally
stratified, homogeneous flow, production of turbulent kinetic energy (TKE) exceeds dissipation by a significant
factor, with the balance provided mainly by vertical TKE turbulent flux divergence.

1. Introduction

In a summary of turbulent velocity spectra measured
in the lower part of the atmospheric boundary layer,
Busch and Panofsky (1968) noted that (i) wavelengths
at the maximum in the logarithmic spectra of vertical
velocity increased linearly with height up to about 50
m (the atmospheric surface layer), and more slowly
thereafter; (ii) nondimensional frequency, f m 5 nz/V
(where n is frequency and V is mean wind velocity) at
the spectral maximum scaled with Monin–Obukhov
similarity in the surface layer; (iii) there was a relatively
uniform (‘‘universal’’) shape to the nondimensionalized
w spectra, when abscissa values were scaled by f m and
ordinate values by , the kinematic surface stress mag-2u 0*
nitude; and (iv) the alongstream (longitudinal) spectra
did not exhibit correspondingly predictable behavior. An
immediate consequence is that for the neutrally stratified
atmospheric surface layer, the wavenumber (kmax 5 f m/
z) at the spectral maximum varies inversely as distance
from the surface. In the neutral surface layer, mixing
length, l 5 Km/u*0 5 kz (where k is von Kármán’s
constant and Km is eddy viscosity), is thus inversely
proportional to kmax. Busch and Panofsky surmised that
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the connection between l and kmax might persist beyond
the surface layer where l loses its z dependence.

In the ocean boundary layer (OBL), the region where
distance from the boundary determines the size of en-
ergy containing turbulent eddies (the surface layer in
atmospheric terminology) extends at most only a few
meters. Vertical turbulent velocity spectra from eight
levels spanning the entire OBL (;35 m) under drifting
sea ice, reported by McPhee and Smith (1976), con-
firmed that kmax did not scale with 1/z beyond about 4
m from the ice–water interface. We adapted the idea of
an inverse relationship between l and kmax to estimate
nondimensional eddy viscosity at specific levels, which
compared favorably with results from numerical bound-
ary layer models at the time. These and later observa-
tions (McPhee and Martinson 1994; McPhee 1994;
McPhee and Stanton 1996) suggested that, for the entire
boundary layer, mixing length was better described as
proportional to 1/kmax rather than distance from the
boundary. Basing eddy viscosity and diffusivity on the
product of the local friction velocity, u* 5 (^u9w9&2 1
^y9w9&2)1/4, and l 5 cl/kmax described measurements
from the outer part of the boundary layer quite well. In
what follows, the convention is adopted that surface
layer refers to that part of the OBL where mixing length
varies with | z | , vis-a-vis the outer layer, where z de-
pendence is negligible.
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The yearlong dataset of turbulence measurements
made at several levels in the OBL under drifting pack
ice in the Arctic Ocean during the Surface Heat Budget
of the Arctic (SHEBA) project provides a unique op-
portunity to test relationships between turbulence spec-
tra (velocity and scalar) and measured fluxes of mo-
mentum and heat. Uttal et al. (2002) present an overview
of the SHEBA project, in which an icebreaker drifted
passively with the ice in the western Arctic Ocean from
October 1997 through September 1998. An inverted
mast with turbulence instrument clusters (TICs) under
the multiyear SHEBA ice floe provided turbulence mea-
surements at nominal levels 4, 8, 12, and 16 m below
the ice undersurface for the first half of the project, and
at two levels for the remainder. Each instrument cluster
comprised three small, partially ducted mechanical cur-
rent meters, mounted along mutually orthogonal axes,
near fast-response thermometers (Sea-Bird Electronics,
SBE 03) and ducted conductivity sensors (SBE 04). One
cluster included an open electrode microstructure con-
ductivity sensor (SBE 07). Further details of the ocean
turbulence deployment and data processing are given
by McPhee (2002). About half way through the exper-
iment, ice deformation forced abandonment of the initial
station (site 1) set up adjacent to the ship. The ocean
measuring program was relocated to a different part of
the floe (site 2), where it remained for the rest of the
experiment. At site 2 during July 1998 biofouling some-
times degraded the data, which were not used here. The
mechanical current-meter triads do not adequately mea-
sure three-dimensional flow at mean current speeds less
than about 0.05 m s21, but throughout the project ice
speed was typically 2% of the near-surface wind speed,
so this was a limitation only during exceptionally calm
periods.

The TIC system is capable of measuring all three
velocity components along with temperature well into
the inertial subrange of the turbulent kinetic energy
(TKE) spectrum. Vertical turbulent fluxes of momentum
and sensible heat were estimated by calculating the co-
variance of vertical velocity with horizontal velocity
deviations and temperature deviations, respectively,
over 15-min realizations of the flow field (typically rep-
resenting a spatial displacement of 100–200 m).1 Var-
iance spectra for the individual velocity components and
deviatory temperature were also calculated. The 15-min
realizations were then further averaged in 3-h bins (ex-
cept as noted below).

An established tradition exists for using spectral den-
sities in the inertial subrange of turbulent velocity and
scalar spectra to estimate turbulent fluxes (e.g., Kol-

1 In principle, the TICs also furnish estimates of salinity flux, and,
indeed, the cluster equipped with a microstructure conductivity meter
at times provided robust estimates of ^w9S9&; however, the sensors
are fickle and the salinity flux data and its relation to covariance
calculated with the ducted conductivity meters will be treated else-
where.

mogorov 1941; Hinze 1975; Edson et al. 1991). Using,
for example, friction velocity (momentum flux), the usu-
al approach is to simplify the steady, horizontally ho-
mogeneous TKE equation

P 1 P 5 D 1 «s b (1)

to a balance between production by shear (Ps 5 t · Uz,
where t is kinematic Reynolds stress and Uz is velocity
shear) and by buoyancy (Pb 5 2^w9b9&, i.e., the negative
of turbulent buoyancy flux) versus dissipation at mo-
lecular scales («). Term D, the vertical divergence of
TKE flux and pressure velocity covariance, is usually
neglected. For near-neutral stability in the atmospheric
surface layer, the balance is simply expressed as u*0 5
(«kz)1/3, which follows from 5 ku*0zUz. Dissipation2u 0*
is obtained from the spectral density of, say, alongstream
velocity (Suu) evaluated at a wavenumber within the
inertial subrange:

2/3 25/3S (k) 5 a « k ,uu « (2)

where a« is the Kolmogorov constant. Similar reasoning
provides estimates of scalar flux magnitude by equating
the production of, for example, thermal variance to ther-
mal dissipation and using thermal spectral density in the
inertial subrange in combination with « to calculate ther-
mal dissipation, whence the magnitude of scalar flux
| ^w9T& | . Here again thermal flux and mean gradient are
related by eddy diffusivity, assumed proportional to kz
(modified by Monin–Obukhov stability functions) in the
surface layer. The approach is commonly referred to as
the inertial dissipation method (Edson et al. 1991).

For the outer layer, a drawback of the inertial dissi-
pation method (apart from the issue of l losing its z
dependence) is the difficulty in confirming a crucial as-
sumption of the technique, namely, that the vertical trans-
port term D in (1) is negligible. Shear production falls
rapidly with distance from the boundary; thus, even if
the neglected turbulent transport term is only a small
fraction of shear production near the surface, it can be a
significant factor in the outer layer. Using the square root
of the density ratio as a scaling factor, the standard 10-
m measurement height in the atmosphere corresponds to
about 1/3 m in the OBL, with a neutral mixing length
there of 0.13 m. In the outer layer, typical values of l
for the under-ice OBL are about 2 m (e.g., McPhee and
Martinson 1994). For concreteness, suppose measure-
ments made 1/3 m from horizontally uniform ice in a
steady, neutral flow indicated a dissipation rate « 5 7 3
1026 W kg21 (a typical value) and that in actuality pro-
duction exceeded dissipation by 5% (i.e., D 5 3.5 3
1027 W kg21). Assuming a balance between production
and dissipation would underestimate u* 5 («l)1/3 by
about 2%. Now suppose further that friction velocity and
TKE transport at 3.5 m (near the far extent of the surface
layer, with l 5 1.4 m) were comparable to values near
the surface. Then Ps 5 /l ; 7 3 1027 W kg21, about3u*
2 times the dissipation rate, and now assuming a balance
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FIG. 1. Vertical velocity spectra from 387 three-hour averages at
SHEBA site 1, cluster 2, each normalized by kmax (abscissa) and

/k (ordinate). The thick dashed line is a high-order polynomial fit,2u
*with 95% confidence interval indicated by lighter dashed lines, as-

suming measurement errors are independent and normally distributed
with constant variance. Cluster 2 was nominally 8 m below the ice–
ocean interface.

between production and dissipation would underestimate
u* by about 20%.

This paper departs from previous treatment of the
modified inertial dissipation technique (e.g., McPhee
1994) by retreating to a naı̈ve view in which straight-
forward dimensional analysis (e.g., Barenblatt 1996) is
used to relate variance spectra of vertical velocity and
deviatory temperature to measured fluxes. This obviates
the need for external specification of the Kolmogorov
constants as in (2). The approach here is phenomeno-
logical in that scales are chosen from dimensional anal-
ysis, assuming that the w spectrum is governed over
some chosen wavenumber range by a strictly limited
number of variables, including a length scale inversely
proportional to kmax. The choice of scales is tested by
examining how well the scaled spectra conform to a
‘‘universal’’ shape.

Section 2 is about calculating local friction speed di-
rectly from the w spectrum. Section 3 extends the tech-
nique to estimate turbulent heat flux magnitude from
the temperature variance spectrum. In section 4, esti-
mates of TKE production and dissipation are compared.
Results are summarized in section 5.

2. Estimating u* from the w spectrum

A direct approach to estimating momentum flux mag-
nitude from the vertical velocity spectrum is as follows.
Suppose that the fundamental turbulent length scale
(mixing length) is inversely proportional to kmax and that
buoyancy forces in the fluid are negligible as compared
with inertial forces (the usual situation in the OBL under
thick ice away from the ice margins). Postulate that, for
near-neutral stability, the weighted spectral energy den-
sity [f 5 kSww(k)] depends mainly on the local stress
magnitude , wavenumber k, and a length scale char-2u*
acterizing the dominant eddies in the flow, lmax 5 cl/
kmax. Straightforward dimensional analysis then suggests
a dimensionless relation of the form

f k
5 F .

2 1 2u* kmax

The argument depends on buoyancy flux being unim-
portant in the energy balance. Although rare during the
SHEBA project, there were instances during summer
when stabilizing buoyancy flux from surface melting
appeared to quantitatively impact the boundary layer
(McPhee 2002); hence, in the remainder of this section,
only data from site 1 (November–March) were used.
While the ice continued to grow for most of the winter,
the associated destabilizing buoyancy flux was almost
always small compared with shear production. There
were times, however, when the lowest cluster (TIC 4,
nominally 16 m from the ice) was beyond what would
be considered the well-mixed layer. Samples for which
its salinity differed from TIC 3 (12 m) by more than
0.003 psu were excluded from the analysis here in order

to preserve the assumption of negligible buoyancy im-
pact.2 Cluster 4 was also affected by a faulty rotor during
the last part of the site-1 deployment, considerably re-
ducing the number of samples there as compared with
the other three clusters.

As in previous analyses (e.g., McPhee and Martinson
1994; McPhee 1994), wavenumber spectra were cal-
culated for each 15-min realization of the turbulent flow
by smoothing the periodogram of each time series
formed from the product of the Fourier transform with
its complex conjugate. The area-preserving (weighted)
spectral components [ fS( f ) 5 kS(k)] were then bin av-
eraged in equally spaced intervals of logk, where k 5
2p f /U is the angular wavenumber derived from fre-
quency f and mean current speed U by Taylor’s hy-
pothesis. These were further averaged in 3-h blocks
along with the measured covariances and other quan-
tities as in McPhee (2002).

For each cluster, each of the 3-h average weighted w
spectra were fitted with a high-order polynomial in order
to identify kmax at the peak in the spectrum, which was
then used to nondimensionalize the abscissa grid, pro-
viding the dimensionless wavenumber g. Similarly, a
dimensionless weighted spectral density, F 5 kSww(k)/

, was formed by normalizing with the local Reynolds2u*
stress, calculated from the average velocity covariance
of all 15-min realizations in the 3-h period. An example
for cluster 2 (Fig. 1) illustrates that, although there is

2 Individual TIC conductivity sensors were periodically cross cal-
ibrated against the SHEBA SBE91 profiling instrument, providing
an accuracy approaching 0.03 S m21, hence the limit used here. For
a difference in salinity of 0.003 psu between TICs 3 and 4, a typical
value for the local Obukhov length in the outer layer was ;20 m,
with relatively small but not negligible impact in the TKE balance.
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FIG. 2. Polynomial fits to the normalized spectra from all clusters at site 1. Nominal displace-
ments from the ice undersurface are 4, 8, 12, 16 m for TICs 1–4, respectively. The dashed curve
is the average fit for TICs 2–4. Dot–dashed vertical and horizontal lines indicate values for g

*and F
*

, respectively. The numbers of 3-h samples for TICs 1–4 were 348, 386, 298, and 75,
respectively.

fairly large scatter, a common shape emerges to which
most of the spectra adhere. A composite normalized
spectrum was then formed by a high-order polynomial
fit to all of the nondimensional pairs (dashed line in Fig.
1).

The composite spectra for all four clusters deployed
during the first half of the experiment (Fig. 2) show a
remarkably similar form, especially in the nondimen-
sional wavenumber range 0.3 , g , 3 for TICs 2–4
(nominally 8–16 m below the ice–ocean interface). TIC
1, nearest the surface, was in the least horizontally ho-
mogeneous part of the boundary layer (McPhee 2002).
We found in many cases, particularly when the flow (in
the measurement reference frame) approached from
across a multiyear pressure ridge keel some distance
upstream, that turbulent stress and TKE increased with
depth from TIC 1 to TIC 2 (4–8 m). From the standpoint
of dimensional analysis, this would indicate influence
from another independent parameter. The similarity of
the composite spectra at the other levels does not pre-
clude influence of this nonhomogeneity factor, but does
indicate that its depth dependence must be small in the
outer part of the boundary layer. Similar analysis of the
alongstream and cross-stream spectra [kSuu(k) and
kSyy(k)] resulted in much larger scatter in peak values
and overall less similarity at the four levels, when non-
dimensionalized by the inverse wavenumber at the peak
of the spectrum and by kinematic stress magnitude (see
Fig. 6 below).

Anticipating extension of the spectral technique to
scalar variables, we search for a wavenumber subrange
in the w spectra, where the TKE transfer to higher wave-
numbers depends only on k and the shear production of
TKE (assuming negligible buoyancy production)

3 3u* u*kmax2P 5 |u*U | 5 5 , (3)z l cl

where shear and kinematic stress are related by an eddy
viscosity, Km 5 u*l. Under these conditions, the weight-
ed spectral density is

f 5 f (P, k), (4)

reducing by one the number of independent parameters
with independent dimensions, yielding one dimension-
less group, and so

22/3
f k

2/3 22/3f } P k , } , and
2 1 2u* kmax

22/3F 5 c g . (5)g

There is a reasonably well-defined region in the non-
dimensional spectra where the log–log slope approaches
22/3. The symbol with dashed vertical and horizontal
lines marks coordinates (logg* 5 0.4; logF* 5 20.58)
within this subrange, providing an estimate of the pro-
portionality constant in (5):
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FIG. 3. Scatter diagram of friction velocity calculated from each 3-h sample by the spectral
technique (7) vs friction velocity from the square root of measured turbulent Reynolds stress.
The thin, dot–dash lines are 95% confidence limits for a linear regression. The heavy dashed
line is a least squares fit passing through the origin, with the 95% confidence interval for the
slope listed. There are 1549 samples.

logc 5 logF 1 (2/3) logg .g * * (6)

For the given values, cg 5 0.48.
For a particular vertical velocity spectrum, the Reyn-

olds stress magnitude is estimated by (i) determining
logkmax by finding the maximum in a polynomial fitted
to the bin-averaged log–log spectrum; (ii) evaluating
the polynomial at logk 5 logkmax 1 logg* to obtain
logf 5 log[kSww(k)]; and (iii) then calculating u* ac-
cording to

logu 5 (1/2)(logf 2 logF ).* * (7)

Spectral estimates of friction speed are compared with
covariance estimates in Fig. 3. A relatively tight rela-
tionship is indicated by the small confidence interval
for the slope of the linear fit through the origin. Con-
sidered individually, only the slope of TIC 1 with a
confidence interval of [0.92–0.98] is significantly dif-
ferent from 1. This may be due to horizontal inhomo-
geneity at that level in the water column, as discussed
previously.

3. Spectral estimate of turbulent heat flux
magnitude

Heat flux magnitude may also be estimated by com-
bining temperature variance spectra with the spectral
estimates of stress. By analogy with the TKE equation,
the transfer of thermal variance to higher wavenumbers
in an inertial subrange is postulated to depend on f [i.e.,

on shear production of TKE via (3)], on k, and on the
production of thermal variance:

2 2dT ^w9T9& k ^w9T9&maxP 5 ^w9T9& 5 5 . (8)T ) )dz lu* c u*l

By analogous dimensional analysis
21 21/2f } P k f ,T T

which combined with (5) and (8) reduces to
24/3 21 2f 5 c g f ^w9T9& ,T T *

resulting in the nondimensional relation:

f fT 5 F* ,T2^w9T9&

where F*T 5 cT . This provides an equation for24/3g*
kinematic heat flux magnitude:

1
log|^w9T9& | 5 (logf 1 logf 2 logF* ); (9)T T2

logfT is evaluated at logkmax 1 logg*.
Regression of spectral estimates versus covariance

measurements of turbulent heat flux is shown in Fig. 4.
With cT 5 0.83, the slope of a least squares fit line
through the origin is indistinguishable from unity at the
95% confidence level.

While the scatter in estimates of heat flux magnitude
is greater than for friction velocity, the analysis shows



OCTOBER 2004 2185M C P H E E

FIG. 4. As in Fig. 3, except showing spectra-derived kinematic heat flux via (9) vs covariance
heat flux. There are 396 samples with covariance heat flux magnitude between 3 and 50 W m22.

that, at least on average, a reasonably good estimate of
turbulent heat flux magnitude is possible from temper-
ature and vertical velocity spectra. This is potentially
useful in situations where it is impractical to simulta-
neously deploy three-dimensional current meters and
fast-response thermometers capable of measuring the
zero-lag covariance directly.

A further demonstration of the spectral technique for
estimating momentum and heat flux is provided during
a particular storm event near the end of the project, in
September 1998. The friction speed and heat flux mag-
nitude calculated from the w and T spectra alone are
compared with the corresponding covariance data in
Fig. 5. Mean values agree reasonably well and most of
the short-term variability is reproduced by the spectral
technique. The constants used in the calculation are the
same as above, that is, derived during the site-1 drift.

4. Production versus dissipation

Equation (2) provides an estimate of TKE dissipation
rate if the cascade of energy through an inertial subrange
in the one-dimensional spectrum of alongstream veloc-
ity [fuu 5 kSuu(k)] is independent of shear (large scales)
and viscosity (small scales). If it is further stipulated
that turbulence in the inertial subrange is homogeneous
and isotropic, there should exist a 4/3 ratio between fww

and fuu in the 22/3 log–log range, which is often taken
as a test of isotropy (Tennekes and Lumley 1972). If
this were the case for the SHEBA neutral data (it is

shown below to be not so), then the ratio of production
to dissipation is given by a simple combination of the
w spectral parameters:

3/2P 1 4as «5 . (10)1 2« c 3cl g

A commonly accepted value for a« is 0.51 (Edson et al.
1991), which combined with cl 5 0.85 and cg 5 0.48
yields a ratio of about 2, similar to the hypothetical
example in section 1.

In order to compare spectra at several levels directly,
the dataset was culled to include only times when all
four clusters were operating simultaneously, and the sta-
bility criterion of section 2 was satisfied. This left a total
of 66 three-hour samples, for which composite vertical
and alongstream spectra Fww and Fuu were calculated
(Fig. 6), where again the abscissa and ordinate were
normalized by kmax (from the w spectrum) and measured
Reynolds stress, respectively. As with the total com-
posite spectra (Fig. 2), Fww is remarkably uniform with
depth; however, Fuu varies significantly, with particu-
larly high levels at lower wavenumbers for cluster 2.
Most of these data are from relatively early in the project
when measured flow approached predominantly from
the west across a pressure ridge keel about 110 m up-
stream from the measurement site. As discussed by
McPhee (2002), this had substantial impact on turbu-
lence in the upper part of the boundary layer, including
an apparent increase in turbulent stress at midlevels in
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FIG. 5. Comparison of spectra-derived friction velocity and tur-
bulent heat flux with covariance calculations: (a) friction velocity,
TIC 1; (b) turbulent heat flux, TIC 1; (c) friction velocity, TIC 2; (d)
turbulent heat flux, TIC 2. Dashed lines indicate mean values over
the 5-day period for the covariance estimates, and dot–dashed lines
are mean values for the spectral estimates. Covariance heat flux is
positive upward (toward the ice); spectral estimates provide magni-
tude only.

the OBL relative to values at 4 m (op. cit., Fig. 5). This
behavior is reflected in the alongstream spectra, with
the spectral level near the peak in the 8-m spectrum
several times that of its 12- and 16-m counterparts. For
higher wavenumbers, only for clusters 3 and 4 is Fww

. Fuu, and then not by the separation implied by a
4/3 ratio (0.125 in log–log representation). The impli-
cation is that large-scale horizontal heterogeneity in the
flow affects the vertical structure of the alongstream (u)
spectra much more than it does the w spectra, and must
play a significant role in the TKE balance.

With a« 5 0.51, dissipation was estimated from (2)
for each sample in the simultaneous subset for com-
parison with production from (3), using the covariance
estimate of u* and l derived from the fww spectral

peaks. Averaged results from the 66 three-hour samples
are summarized in Table 1, which also includes the av-
erage of ^w9e9& 5 ^w9 & (with the summation con-u9u9i i

vention), that is, an estimate of 2 times the vertical
turbulent flux of TKE per unit mass. At TICs 1 and 2,
dissipation exceeds production, implying for the upper
part of the OBL a source of TKE besides local shear.
Note that ^w9e9& at TIC 2 is upward (although small),
in contrast to the remaining clusters, supporting the sup-
position expressed in McPhee (2002) that turbulence
near the relatively smooth surface at the measurement
site was fed from below by turbulence generated by the
prominent topographic feature upstream. At TICs 3 and
4, where the 4/3 isotropy condition is more nearly sat-
isfied, production exceeds dissipation by as much as
76% at 16 m.

The vertical component of the TKE tranport term in
(1) is

] 1 1
D 5 ^w9u9u9& 1 ^w9p9& , (11)i i1 2]z 2 r

where the second term on the right is the vertical ve-
locity pressure covariance, not measured by our appa-
ratus. Note that the average imbalance between pro-
duction and dissipation for TICs 3 and 4 (relatively deep
in the OBL) was Ps 2 « 5 0.56 3 1026 W kg21. If
this is representative of the midpoint, a finite-difference
approximation of the turbulent TKE flux divergence,
that is,

] 1 (^w9e9& 2 ^w9e9& )4 3^w9u9u9& øi i1 2]z 2 28
26 215 0.41 3 10 W kg ,

accounts (at least in this example) for about 3/4 of the
difference.

5. Discussion

The primary result of this paper is that in the near–
neutrally stable planetary boundary layer typical of that
under drifting sea ice, local Reynolds stress magnitude
may be estimated from

2u 5 f/F ,* *
where f 5 kSww(k) evaluated at wavenumber k 5 g*kmax

in the 22/3 slope region of the weighted log–log spec-
trum, and F* 5 cg . The universal constant cg was22/3g*
found to be about 0.48, which for the choice of g* 5
2.51 yields F* 5 0.26. This result does not depend on
assuming that TKE production equals dissipation.

For a scalar variable s, the flux magnitude is given by

1/2
ffs|^w9s9& | 5 , (12)1 2F*s

where again the weighted spectral densities are evalu-
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FIG. 6. Comparison of dimensionless alongstream and vertical velocity spectra, averaged for times when
all four TICs were operating simultaneously (66 each, 3-h samples). Abscissas were normalized by kmax,
evaluated from the peak in the w spectrum in each instance; ordinates were normalized by the measured
kinematic Reynolds stress ( ). Dot–dashed vertical lines indicate fww spectral levels in2 2Ï^u9w9& 1 ^u9w9&
the 22/3 region.

TABLE 1. Comparison of average turbulence parameters at four levels in the OBL during times when all clusters were operating
simultaneously and stratification was negligible (66 three-hour samples); u* is from the velocity covariance values, and l 5 0.85/kmax.

Cluster
Depth*

(m)
u*

(m s21)
l

(m)
Ps

(mW kg21)
«

(mW kg21) Ps /«
^w9e9&

(m3 s23)

1
2
3
4

5.8
9.8

13.8
17.8

0.015
0.016
0.017
0.016

2.26
2.55
2.60
2.76

1.49
1.60
1.78
1.26

1.91
1.94
1.19
0.72

0.78
0.82
1.50
1.76

21.58 (3 1026 m3 s23)
0.63 (3 1026 m3 s23)

25.29 (3 1026 m3 s23)
28.61 (3 1026 m3 s23)

* Includes approximately 2.2-m ice draft.

ated at k 5 g*kmax. If the Reynolds analogy holds, F*s

should apply to all passive tracers. For g* 5 2.51, F*T

5 0.24. If the scalar fluxes are large enough that buoy-
ancy is important in the TKE balance, scales will re-
spond accordingly. Modification for buoyancy is a sub-
ject for future work.

Implicit in the spectral approach discussed in section 2
is that kinematic turbulent stress (momentum flux) is pro-
portional to velocity shear: 5 KmUz, and that local2u*
eddy viscosity is a product of the turbulent velocity scale
and the dominant turbulent length scale (McPhee 1994)

u*clK 5 u*l 5 , (13)m kmax

where cl ø 0.85 is an empirically determined constant.

From a separate line of reasoning, a bulk eddy viscosity
may be derived from similarity theory for the neutrally
stable boundary layer (McPhee 1981; see also McPhee
and Martinson 1994)

20.02u*0K 5 , (14)bulk fcor

where is kinematic stress at the interface, and f cor
2u 0*

is the Coriolis parameter.
For each 3-h segment of data, estimates of interface

friction velocity were obtained by adjusting Reynolds
stress measurements made at the topmost cluster (TIC
1) to the boundary via the method described by McPhee
(2002). At TIC 3 (near the center of the outer OBL),
values for local eddy viscosity were calculated from (13)
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FIG. 7. Scatter diagram of neutrally stable bulk eddy viscosity based
on interface friction speed (McPhee and Martinson 1994; McPhee
2002) vs local eddy viscosity at TIC 3 (nominally 12 m from the
ice–water interface) calculated exclusively from the vertical velocity
spectra. The confidence interval for a least squares fitted straight line
through the origin is indicated. There were 148 three-hour samples.

with cl 5 0.85 and u* obtained from (7). The relation
between bulk and local eddy viscosity estimates for u*
. 0.01 m s21 show much scatter (Fig. 7); nevertheless,
a least squares linear fit through the origin has slope
1.00. This correspondence adds additional weight to the
idea that it is possible to estimate local eddy viscosity
at discrete levels in the OBL solely from information
contained in the vertical velocity spectrum.

Besides estimating mixing length and eddy viscosity,
the work corroborates earlier findings (McPhee 1994)
that it is also possible to make credible estimates of
scalar flux magnitude in the outer OBL by combining
parameters from the w and scalar spectra.

This analysis affirms that vertical TKE flux diver-
gence is important in the outer OBL. To the extent that
the vertical velocity spectra adhere to the nondimen-

sional form of Fig. 2 and that turbulence in the 22/3
region of the weighted spectra is isotropic, the vertical
transport term in the simplified TKE equation [(1)]
should be roughly comparable to dissipation.
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