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[1] Velocity fluctuations at 1 m and 5 m below pack-ice
drifting at an average speed of 15 cm s�1 are analyzed to
describe the conditional statistics of Reynolds stress in the
under-ice boundary layer, under melting conditions. The
fractional contributions to the Reynolds stress show that
ejection and sweep events dominate over interaction events.
The sweeps are found to be more intense close to the
boundary where the third and higher order moments are
most pronounced. Third order cumulant expansions are
found to describe the conditional Reynolds stress statistics
reasonably well. Existing models for the turbulent kinetic
energy transport term using cumulant expansion methods
capture the effect of observed increase in the friction
velocity with depth. INDEX TERMS: 4540 Oceanography:

Physical: Ice mechanics and air/sea/ice exchange processes; 4568

Oceanography: Physical: Turbulence, diffusion, and mixing

processes; 4207 Oceanography: General: Arctic and Antarctic

oceanography. Citation: Fer, I., M. G. McPhee, and A. Sirevaag

(2004), Conditional statistics of the Reynolds stress in the under-

ice boundary layer, Geophys. Res. Lett., 31, L15311, doi:10.1029/

2004GL020475.

1. Introduction

[2] In turbulent boundary layers, coherent structures
with large flux events have been proposed to explain the
‘‘bursting’’ phenomena responsible for most turbulence
production, hence mixing, through two types of organized
eddy motions recognized as ‘‘ejections’’ and ‘‘sweeps’’
(see Cantwell [1981] and Robinson [1991] for reviews).
These events are traditionally detected by conditional
sampling through quadrant analysis [Willmarth and Lu,
1972] and their statistics have been investigated for a
variety of flow and wall-roughness conditions (e.g., experi-
ments in open-channel [Nakagawa and Nezu, 1977]
(hereinafter referred to as NN77), wind-tunnel [Raupach,
1981], stable [Gao et al., 1989] and unstable [Katul et al.,
1997b] atmospheric boundary layers, and open-channel
suspension flow [Hurther and Lemmin, 2003]). Besides
the dominant role of the sweeps close to a rough wall, an
‘‘equilibrium region’’ is often, albeit not always [Krogstad
et al., 1992], observed in fully-developed turbulent flows

in which the statistical properties of the two mechanisms
are independent of the wall roughness over a significant
portion of the flow. Direct relations established between
the bursting events and the turbulent energy budget via
turbulent diffusion (NN77) and a simple, but successful,
structural turbulence model for triple products of velocity
and scalar [Nagano and Tagawa, 1990] make the quadrant
analysis an attractive tool.
[3] Under-ice boundary layer [McPhee and Morison,

2001] is nearly always a zone of turbulent shear-flow
between the ice and the underlying undisturbed ocean.
Direct measurements of turbulent fluxes under drifting pack
ice [e.g., McPhee, 1992; McPhee and Martinson, 1994]
have provided a relatively comprehensive view of the
associated turbulent processes, but as far as we know,
conditional statistics for the Reynolds stress under drifting
ice have not been previously examined. In this work we do
so, in order to compare with existing theory and with other
boundary layer studies. The extension of this work to scalar
(salt and heat) turbulent fluxes is the topic for an ongoing
companion paper and will be reported elsewhere.

2. Site and Measurements

[4] Under the Winter ARctic Polynya Study (WARPS),
the German icebreaker FS Polarstern was moored to a large
ice floe. During 1–2 April 2003, one vertical mast com-
prising two turbulent instrument clusters (TICs), nominally
at 1 m and 5 m below the ice, was deployed from a
hydrohole on pack ice drifting at an average speed of
15 cm s�1 in the Whaler’s Bay, north of Svalbard. The site
of deployment was chosen sufficiently away from the vessel
on a relatively smooth, refrozen lead of 100 m � 50 m, and
110-cm thick ice, surrounded by �2-m thick ice dominated
by ridges. Nearby conductivity-temperature-depth profiles
showed a mixed layer thickness of �30 m.
[5] Each TIC comprises a Sontek acoustic current meter, a

SeaBird Electronics (SBE) fast-response temperature sensor
(SBE 03) and a ducted conductivity meter (SBE 04), all
mounted to measure at the same vertical level at 2 Hz. The
system is capable of resolving velocity and temperature
fluctuations well into the inertial subrange and typical
properties and data processing are described in detail else-
where [e.g.,McPhee, 1992, 1994]. Here we analyze velocity
data from three runs of 345, 90, and 360 min length,
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separated by 18 and 258 min, between 1 April, 1223 UTC,
and 2 April, 0614 UTC.

3. Quadrant Analysis

[6] The method and the related theory are summarized
briefly for completeness (see NN77 for details). The longi-
tudinal, u, and vertical, w, components of the velocity are
aligned along x- and z-axes, with the wall (ice/ocean
boundary) lying in the horizontal plane and positive z
downward, such that the kinematic Reynolds shear stress
t = �hu0w0i is the wallward flux of streamwise momentum.
In the following the brackets and primes denote time
averages and zero-mean fluctuations, respectively.
[7] The quadrant-analysis is originally devised to sort

contributions to t from each quadrant of instantaneous
values on the u0 – w0 plane. Events from quadrant i are
labeled as outward interactions (i = 1; u0 > 0, w0 > 0),
ejections (i = 2; u0 < 0, w0 > 0), wallward interactions (i = 3;
u0 < 0, w0 < 0), and sweeps (i = 4; u0 > 0, w0 < 0). Ejection
and sweep events are the positive contributions to t and
transport the momentum excess outward and wallward,
respectively. The contribution of quadrant i excluding a
hyperbolic hole region of size H = ju0w0j/jhu0w0ij is defined
as {u0w0}i,H = hu0w0Ii,Hi, where curly brackets indicate
conditional averages. The indicator function Ii,H = 1 when
(u0, w0) is in quadrant i and larger than a fraction of the
average flux set by H, and Ii,H = 0, otherwise. H = 0
corresponds to including all the events, and by progressively
increasing H, larger events are detected. The threshold value
of H to delineate large flux events is often chosen arbitrarily,
typically when the contribution of interaction events ceases.
The time fraction of associated contributions is TFi,H =
hIi,H(u0, w0)i. The stress fraction [Raupach, 1981] for
quadrant i is defined by the flux contribution to u0w0 from
the corresponding quadrant as Si,H = {u0w0}i,H/hu0w0i.
Because hu0w0i < 0, S1,H, S3,H < 0 and S2,H, S4,H > 0, and
for H = 0, S1,0 + S2,0 + S3,0 + S4,0 = 1.
[8] NN77 derived the conditionally sampled probability

density functions (pdf) of normalized Reynolds stress, w =
u0w0/hu0w0i, from a high-order cumulant discard Gram-
Charlier pdf as

p1 wð Þ ¼ pG wð Þ þ yþ wð Þ; p3 wð Þ ¼ pG wð Þ � yþ wð Þ; w < 0

p2 wð Þ ¼ pG wð Þ þ y� wð Þ; p4 wð Þ ¼ pG wð Þ � y� wð Þ; w > 0

ð1Þ
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pG wð Þ ¼ ReRt

2p
K0 tj jð Þ

1� R2
� �1=2 ; S�  Su � Swð Þ

2
; D�  Du � Dwð Þ

2

yþ wð Þ ¼ ReRt

2p
K1=2 tj jð Þ tj j1=2

1� Rð Þ2
1þ Rð Þ Sþ

3
þ Dþ

� �
tj j

�

� 2� R

3
Sþ þ Dþ

� ��
ð2Þ

y� wð Þ ¼ ReRt

2p
K1=2 tð Þt1=2

1þ Rð Þ2
1� Rð Þ S�

3
þ D�

� �
t

�

� 2þ R

3
S� þ D�

� ��

Here, R is the negative of the correlation coefficient, Kx is
the xth order modified Bessel function of the second kind,

and t  Rw/(1 � R2). Su and Sw are the skewness of u0 and
w0, respectively. Du and Dw correspond to turbulent
diffusion in the longitudinal and vertical directions. The
non-conditional pdf of the normalized shear stress is p(w) =
2pG(w). If we denote the fluctuating velocity components
rescaled by one standard deviation s by circumflex (e.g.,
û = u0/su) by definition, R = �hûŵi, Su = hû3i, Sw = hŵ3i,
Du = hûŵ2i, and Dw = hû2ŵi.

4. Results and Discussion

[9] The data recovered from each TIC were divided into
15-min realizations, and the mean longitudinal velocity was
aligned along the mean horizontal velocity direction, i.e.,
hvi = hwi = 0. Fluctuation time series were obtained by
linearly detrending each segment. From a total of 53,
42 segments were chosen when turbulence was fully-
developed and the signal strength was well above the
background noise with t > 3.5 � 10�5 m2s�2. As a result,
�7.6 � 104 u0-w0 pairs were analyzed from each TIC. On
average, jhv0w0ij/jhu0w0ij < 0.1 at both levels and the flow
can be considered two dimensional.
[10] Ensemble-averaged quantities that describe the

experiment are listed in Table 1. The correlation coefficient,
-R, increases slightly with distance from the wall. The mean
temperature at both levels is �1�C above the freezing point
referenced to the surface. Dissipation rate of turbulent
kinetic energy (TKE) per unit mass, e, and the vertical
mixing length scale, l, derived from the inertial subrange
and the peak of the variance-preserving w0 spectra, respec-
tively [McPhee, 1994], are not significantly different at the
measurement depths. The friction velocity, u* = (hu0w0i2)1/4,
hence t, increases by 20% with distance from the interface,
possibly because the flow adjusts to larger roughness
elements over longer averaging path [McPhee, 1994]. This
increase in u* can play a significant role in the TKE balance
[McPhee, 2004]. An order of magnitude estimate for
the roughness length, derived from mean U/u* at 5 m using
law-of-the-wall, is zo � 0.2 cm. Here U is the mean
horizontal velocity. The associated roughness Reynolds
number, Re = u*30zo/n is 430 ± 100, using u* derived
from the uppermost TIC, and the viscosity n = 1.4 �
10�6 m2s�1, hence the flow is hydrodynamically rough.
In terms of non-dimensional depth, in order to compare with
the laboratory experiments, our uppermost TIC is at z = 1 m
which is z+ = u*z/n �7000 wall distance away from the
wall, or taking the depth of the flow as the mixed layer
depth, h � 30 m, is at z/h = 0.03.

Table 1. Mean Values and Standard Deviations of the Correlation

Coefficient, -R, the Friction Velocity, u*, Its Ratio to the Mean

Flow, U/u*, Temperature, q, Salinity, S, Dissipation, e, and Vertical

Mixing Length, l, at 1 m and 5 m Below the Ice

TIC Level (m)

1 5

R 0.27 ± 0.1 0.32 ± 0.09
u* (cm s�1) 1 ± 0.25 1.2 ± 0.3
U/u* 22 ± 7 20 ± 4
q (�C) �0.95 ± 0.05 �0.93 ± 0.06
S 34.44 ± 0.02 34.45 ± 0.02
e (�10�6 W kg�1) 2.1 ± 1.4 2.3 ± 1.3
l (m) 1.3 ± 0.8 1.7 ± 1.0
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[11] The fractional contributions to the Reynolds stress t
clearly show that the ejection and sweep events dominate
over the interaction events (Figure 1), in accordance with
the literature. Figure 1 can be interpreted as follows. At 1 m,
the contributions from quadrants are S1,0 = �0.46, S2,0 =
0.92, S3,0 = �0.43, S4,0 = 0.97, the sum of which is 1.
Corresponding values at H = 5 are, S1,5 = �0.23, S2,5 =
0.53, S3,5 = �0.2, S4,5 = 0.63, the sum of which is 0.73, i.e.,
73% of t occurs in events more than 5 times the average t,
pointing the intermittent nature of the turbulence. The
intensities of all events decrease with increasing distance
from the wall.
[12] The importance of the third and higher order

moments as well as the relative intensity of sweep events
at both levels is emphasized by the comparisons shown in
Figure 2. Here Si,H is calculated by numerically integrating
the composite average joint pdf of û-ŵ over a range of H.
The joint Gaussian distributions are symmetric, hence
theoretical curves for ejection and sweep contributions are
the same. At 1 m, for about H > 4 the asymmetry between
ejection and sweep contributions is apparent, whereas at
5 m, the measured ejection-sweep stress fraction is not
significantly different from correlated joint Gaussian within
90% confidence. This indicates that, at 5 m, the third and

higher order moments are relatively less significant and
function y�(w) in equation (2) is negligible. The difference
DSH = S4,H � S2,H between the stress fractions due to
sweeps and ejections is two times larger at 1 m than at 5 m
for H � 15. The value of this parameter at H = 0, i.e., DS0,
and the skewness Su and Sw are reported to be approxi-
mately proportional [Raupach, 1981]. This has significant
impact in understanding the behavior of the TKE flux,
FTKE = 1

�
2hw0(u02 + v02 + w02)i, which is related to DS0

through FTKE = c1DS0 (c2su
2sw + c3sw

3 ) where c’s are
constants [Raupach, 1981]. The transport term in the TKE
balance, �@FTKE/@z, will yield local TKE loss when
positive values of DS0 (sweeps dominate) decrease with
distance from the wall [Raupach, 1981]. The average values
of DS0 are 0.06 and 0.03 at 1 m and 5 m, respectively. This
rate of decrease is comparable with the measured FTKE/u*

3

equal to �0.5 and �0.23 at 1 m and 5 m, respectively.
Despite being inconclusive due to undersampling in verti-
cal, this approximately linear correspondence between FTKE
and DS0 indirectly suggests that su and sw remain indepen-
dent of depth at the measured z/h range, which is correct
within 15% in our data set.
[13] Assuming that contribution of Su and Sw to DS0 is

negligible, Katul et al. [1997a] and Poggi et al. [2004]
demonstrated that a truncated version of a third-order
cumulant expansion model gives DS0 � �(Dw � Du)/
2R(2p)1/2. Regression of measured DS0 (84 ensembles)
upon that modeled sets the slope to 0.99 and the intercept
at 0.017 with the correlation coefficient of determinations
0.98 and a standard error of 0.04. We suggest that the
truncated model is adequate to capture DS0 from the
measured R, Du and Dw in the under-ice boundary layer.
Combining this truncation with standard second order
gradient-diffusion closure models for triple velocity
moments [e.g., Katul and Albertson, 1998] yields

DS0 ¼
�1

2
ffiffiffiffiffiffi
2p

p qlz

u0w0h i
1

su

@ u0u0h i
@z

� 2

sw

@ u0w0h i
@z

� �
ð3Þ

Figure 1. Fractional contributions to the Reynolds stress as
a function of the hole size, H at 1 m and 5 m below the ice.

Figure 2. Ejection (solid) and sweep (dashed) magnitudes
at (a) 1 m and (b) 5 m below the ice. The gray band
envelopes the joint Gaussian pdf derived from 90% bounds
on 999 bootstrapped samples of 42 u0-w0 correlations.

Figure 3. Theoretical and experimental pdf of the normal-
ized Reynolds stress, w at 1 m and 5 m (off-set by 0.2 in the
ordinate) below the ice. Theoretical curves are p(w) =
2pG(w). The experimental values and errorbars are the
average and one standard deviation, respectively, over
42 ensembles. The sum of probability exceeding ±w = 10 are
indicated.
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where q2 = 2 � TKE and lz is a mixing length proportional
to z (i.e., lz = akz with k = 0.4 and a = u*/q). In order to
reproduce DS0 = 0.06 at 1 m, a mixing length of lz = 0.3 m
is required in equation (3) which is 2.5 times that obtained
using the definition of lz with the measured a � 0.29. We
note that the mixing length inferred from spectral analysis
(Table 1) is larger, however, above analysis can help to
determine an equivalent length scale to retain the non-local
effects of the ejection-sweep cycle under drifting ice for
gradient-diffusion closure of the TKE transport term.
[14] The time fraction for ejection and sweep are TF2,0 =

0.31 (0.3) and TF4,0 = 0.29 (0.3) at 1 m (5 m), respectively,
and agree within 4% to those reported for open channel
water (NN77), open channel oil [Brodkey et al., 1974] and
for atmospheric surface layer over tall-natural grass surface
[Katul et al., 1997b].
[15] The ensemble-averaged pdf of the normalized

Reynolds stress (Figure 3) agrees favorably with the theory,
p(w) = 2pG(w) calculated using R given in Table 1. The
long tails of the p(w) emphasize the intermittency as
evidenced by Figure 1. We further calculated the condi-
tional pdf from measurements and contrasted to that derived
from equations (1)–(2) (Figure 4). Particularly at 1 m,
despite having a lower peak, sweep events have larger
values for H > 8, suggesting a larger contribution to the
Reynolds stress. The theoretical curves again represent the
measurements reasonably well. Discrepancies at large H
can be attributed to the limited (third) order moments
implemented in the theory.
[16] Subsequently we conclude that the non-conditional

and the conditional u0w0-covariance statistics under drifting
ice can be reasonably well represented by a second order
pdf and a third order cumulant discard Gram-Charlier
distribution, respectively, in agreement with earlier
pioneering work [Lu and Willmarth, 1973; NN77]. At
5 m, the stress-fractions of ejection and sweep events are
found to be nearly symmetrical and can be estimated fairly
well by joint-Gaussian pdf. Clear dominance of ejection
and sweep events over interaction events are observed.
The difference in sweep-ejection stress fractions at 1 m is
found to be twice as large as that at 5 m. Violent events at

short time scales, with a considerable amount of the
Reynolds stress might have consequences for the heat
and salt fluxes, hence melting/freezing in the under-ice
boundary layer, and the related turbulent transfer coefficients.
The transported stress fractions are closely related to the third
order moments of fluctuating velocity components and
quadrant analysis might improve our understanding of
the vertical transport of TKE, particularly in investigating
the case (which is fairly common under sea ice and a fairly
vast data set is available) where the stress increases with
distance from the boundary. In this aspect there is simi-
larity with turbulent flow within and above canopies
[Raupach and Thom, 1981] where the elements of the
canopy generate turbulent wakes at length scales character-
istics of the canopy elements. The relations established for
canopy flows are shown to capture the salient features
resolved by our observations; however future work is
merited to examine the TKE budget in the under-ice
boundary layer.
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